Multi-hop relaying communications have great potentials in improving transmission performance by deploying relay nodes. The benefit is critically dependent on the accuracy of the channel state information (CSI) of all the transmitting links. However, the CSI has to be estimated. In this paper, we investigate the channel estimation problem in one-way multi-hop MIMO amplify-and-forward (AF) relay system, where both the two-hop and three-hop communication link exist. Traditional point-to-point MIMO channel estimation methods will result in error propagation in estimating relay links, and separately tackling the channel estimation issue of each link will lose the gain as part of channel matrices involved in multiple communication links. In order to exploit all the available gains, we develop a novel channel estimation model by structuring different communication links using the PARAFAC and PARATUCK2 tensor analysis. Furthermore, a two-stage fitting algorithm is derived to estimate all the channel matrices involved in the communication process. In particular, essential uniqueness is further discussed. Simulation results demonstrate the advantage and effectiveness of the proposed channel estimator.
Introduction
Multi-hop relaying communications have gained a lot of attention recently because of both its theoretical and practical importance in cooperative communication system [1] . As a fundamental technique to enable device-to-device communication, multi-hop relaying system is expected to realize high spectrum efficiency for next generation communication systems e.g., 5G wirelss systems [2, 3] . Combined with the multiple-input and multiple-output (MIMO) techniques, the spectral efficiency of this promising technique can be further improved.
Referring to the strategies performed by the relay, relaying communications can be classified into various categories: amplify-and-forward (AF) relaying, decode-and-forward (DF) relaying, compressed-and-forward (CF) relaying and so on. In this work, we consider a multi-hop AF relaying system due to its simplicity and small system delay without additional decoding steps existed in DF relay system.
As its special cases, extensive methods have been proposed to analyze the performance of dual-hop MIMO AF relay system, including the optimal source and relay beamforming matrix [4, 5] , optimal relay amplification matrix [6] , energy efficient [7] on the assumption that the perfect channel statement information (CSI) of all links have been acquired at the destination node. However, in practical communication system, the CSI has to be estimated by using different channel estimation methods. In [8, 9] , an optimal transceiver design for multi-hop AF MIMO system under imperfect channel knowledge is studied, and it reveals that the achievable gain depends largely on the estimation accuracy of channel links in multi-hop system. And in [10] , the impact of channel estimation error on outage loss of the multiple antennas multiple relaying network is investigated, which indicates that the effect of the channel estimation error has a great influence on the system, especially at low-to-medium SNR. Unlike traditional point-to-point MIMO systems, the destination node in cooperative system has to estimate the CSI of all hops due to the limited computation ability in AF relays.
In [11] , least square (LS) based algorithm is proposed to estimate channel matrices of all links of one-way two-hop MIMO AF cooperative communication system. However, the channel estimation errors accumulate across the consecutive stages. For AF relay networks with single-antenna source, relay, and destination nodes, a modified transmitting frame is proposed in [12] for OFDM modulated relay system, which enables the relay node to have the ability of saving the pilot data as an ample to estimate the channel between the relay to the destination node, which in turn serves as known information to estimate the source-to-relay channel in a decision-directed (DD) way. However, this known channel information in this proposed DD algorithm is also the error-existing channel estimation value. A disintegrated channel estimation method has been presented in [13] , which implies that the relay node has to be equipped with a channel estimator. However, it is not realistic for a low complexity non-regenerative relay node.
Exploiting the estimation of relay to the destination node and/or relay to relay node is available, the channel estimation issue in cooperative system can be transformed to the traditional MIMO channel estimation problems. However, the inherent estimation error in the estimation of channel matrices will propagate when estimating the following links, which will finally deteriorate the whole performance. By taking advantage of their unique characteristics in digging the hidden structure in mixed samples, a few tensor-based channel estimation algorithms have shown to be efficient approaches for channel estimation and/or symbol detection in cooperative systems.
In [14, 15] , a channel estimation algorithm with the aid of parallel factor (PARAFAC) model is investigated in one-way two-hop MIMO relay system, which allows the estimation of related channel matrices to be computed in a parallel way by resorting to tensor modeling. In addition, a unified PARAFAC received signal model for cooperative MIMO system is built based on which a blind receiver is proposed for jointly estimating the channel matrices and detecting the symbols [16] . Note that the works in [16] is on the condition that the same cluster has the same spatial signature, which is strict for the communication environment. The authors in [17] investigate the channel estimation algorithm for a two-way MIMO relay system. Since the algorithm in [17] exploits the channel reciprocity in a two-way relay system, its application in one-way MIMO relay systems is not straightforward. By introducing a space-time matrix at the source node, a PARAFAC-PARATUCK2 [18] tensor model is built for two-hop cooperative MIMO relay systems in [19] .
The common feature of the aforementioned works focus on the two-hop cooperative system, it may not be adapted to scenario that more relays are employed to further increase the coverage of communication. In [20] , the author proposes a trilinear coding structure of the MIMO AF system, which is capable of exploiting cooperative diversity by tensor-based signal processing. In [21] , the author establishes a PARATUCK2-based framework for three-hop cooperative communication system. However, only considering the link of one-way three-hop link will lose diversity gain in real communication scenario. In this paper, a more general tensor-based channel estimator of this system is considered, which provides the destination node with full knowledge of all channel matrices involved in the system. The main contributions of this paper can be summarized as follows:
-A more general one-way multi-hop MIMO AF relay system is considered in this paper, where the path loss factor is taken into account in this paper to analyze the achievable diversity gain of additional one-way two-hop links existing in the one-way three-hop link system. -By resorting to the multi-way analysis tool, a unified tensor model is established and a combined PARAFAC/PARATUCK2 alternative least square (ALS) fitting algorithm is proposed to obtain the CSI of all involved links. -With the initial estimation of channel matrices, a linear minimum mean square error (LMMSE) approach is further derived to enhance the channel estimator performance. The rest of this paper is organized as follows. In Section 2, we give a brief overview of the system model. The detailed proposed channel estimation algorithm is presented in Section 3. In Section 4, simulation results are given to verify the effectiveness of the proposed algorithm. Conclusions are given in Section 5. Notations and Properties: Scalars, column vectors, matrices, and tensors are denoted by lower-case ( , , ) a b  , boldface lower-case ( , , ) [ , ] ,
C , we have
(1) We also use two following properties in this work:
System Model
We consider the one-way multi-hop MIMO AF relay system as illustrated in Fig. 1 where the direct link between the source node and the destination node is assumed to be negligible and hence ignored due to a large path loss, and the source node transmits information to the destination node with the aid of T MIMO AF relays, which should be chosen according to practical communication scenario, such as the path loss factor, the size of the cellular, etc.. Moreover, the relays operate in a half-duplex mode (i.e., each relay node does not receive and transmit signals simultaneously). We denote that the source node and the destination node are equipped with antennas, respectively, while the i -th relay has i N antennas,
In the following, for simplicity, we mainly consider the one-way three-hop MIMO AF relay system to present our algorithm, i.e. 2 T = . But the generalization to the multi-hop MIMO relay system is just in a similar way. For example, we can firstly regard the cascade channel from the first relay node to the T -th relay node as a whole effective channel model , which can be modeled as various tensor model according to physical circumstance, like the methodology of using nested tensor model in [22, 23] . Through the proposed algorithm, 1 T r r H can be estimated in the first place; then, by means of corresponding fitting methods, the channel statement information contained in 1 T r r H can be further extracted.
Firstly, in order to derive the proposed channel estimators, we recast the formulation of the system model by resorting to tensor analysis. Let us define the overall training period as K time blocks, during which we assume the channels of all hops are quasi-static and each frame consists four phases. In k-th time block, the source node S transmits an orthogonal channel training sequences R and the second relay node 2 R in the first phase. Then the received signal at the second relay node will be amplified with amplification matrix To sum up, there are five channel matrices in total to be estimated in the proposed system. Let us define the channel from source to 1 R and 2 R as , respectively. The variances are set to normalize the effect of the number of transmit antennas to the received signal-to-noise (SNR) ratio [14] . And the S-R 1 link, R 1 -R 2 link and R 2 -D link are assumed to have equal distance, i.e. 
are noise matrices at 1 R , 2 R and D corresponding to the k-th time block t-th transmission phase.
Proposed Tensor-based Channel Estimation Algorithm
In order to extract the channel matrices involved in the received signal model (4), (5) and (6), we resort to the tensor unfolding algorithm, which is useful when we want to isolate a matrix in a tensor model. In the following, we will present the core equations leading to the development of the proposed tensor-based channel estimator.
Model of Two-Hop Link
In this section, we first establish the tensor model of one-way two-hop (i.e. S-R 1 -D and S-R 2 -D) communication link based on PARAFAC model [24] . For simplicity, the amplification matrix design pattern will be similar to the pattern in [21] , in which the rows of matrices
contain AF coefficients of 1 R and 2 R in different time blocks. More specifically, the amplification matrix at k-th time block at 1 R and 2 R are
Note that, since our work is focused on channel estimation issues in multi-hop AF relaying system, the AF matrices 1 G and 2 G cannot be optimized at the channel estimation phases. Thus, in order to be fair for the comparison, we followed the setting as the references [14, 15, 19, 21, 22] selected as benchmark. In addition, in the scenario where multiple single antenna relay nodes operate in a distributed manner [23] , it is reasonable to assume the relay amplification matrix G is diagonal. During the normal communication period, however, the relay amplification matrix does not need to be diagonal. For this work, the use of non-diagonal AF matrices in the proposed approach is left for future work. Note also that, once the channels are estimated, the design of full AF matrices can be done.
Then, at the destination node D , by multiplying both sides of (4), (5) with 0 H S , respectively, yields the k-th frontal slice of the third-order tensor:
(1)
(2)
where 2 2 ( )
k V are the effective noise matrices at the destination node corresponding to the second phase and third phase of the k-th training block, which can be denoted as follows:
We take the case of S-R 2 -D link for illustrating the tensor-based channel estimation procedure; nevertheless, the extension to the S-R 1 -D link is rather straightforward. Considering the k-th time-block, the received signals at destination via the S-R 2 -D link are stored in the k-th frontal slice k M of the third-order received signal tensor 
And, we can have the noise version of (1) [ ]
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(
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To extract the channel matrices H , similar to the steps (11)- (15), we can obtain another PARAFAC tensor model
, and its two tensor unfolding, which consist of matrix-of-interest, can be denoted as follows,
( )
Model of Three-hop Link
During the fourth phase, the training signals are transmitted to destination node through the channel 
By storing the set of K matrices in (19) together along the direction of the index k (the third dimension), we obtain a third-order tensor 
:, :, :, :, : , : ,
for all , , 1
is the noise tensor stacked with 
From (23), we get the following factorization for (2) [ ]
[ ] 
To estimate 1 2 r r H , the third matrix unfolding of 
where
)
. Note that from equation (30), to estimate the channel matrix 
Combined ALS (Comb-ALS) Channel Estimation Algorithm
From the previous discussion, both the channel matrices of H are involved in the two-hop link and three-hop link, corresponding to different tensor models. How to extract the channel matrices effectively is a challenge. In this section, we propose a combined channel estimator to estimate the CSI by jointly exploit the benefit of PARAFAC and PARATUCK2.
Equation ( 
Combining (16) and (24) 
The solution is given by
With a similar procedure, we combine (15) and (25) 
The solution of (37) is given by 
From (14) and (17), we can obtain the LS approximation of ( ) ( ) H can be obtained by a simple supervised procedure [19, 22] . In this paper, for purpose of performance evaluation, the scaling ambiguities affecting the estimation of the channel matrices are removed by assuming the first row of H contain all one elements, similar to [14, 15, 19, 21, 23] . First, we find ( ) Note that these uniqueness results are naturally applicable if the S-R 1 -D link and S-R 2 -D link are too weak or not available (e.g. due to shadowing). Thus, we do not have to estimate H any more, and we can model S-R 1 -R 2 -D link by using the PARATUCK2 tensor model. Then the uniqueness issue can be simplified to the works in [21] ,
If the R 1 -R 2 link is too weak or not available, our model will be simplified to the work in typical two-hop AF relay system, the uniqueness condition simplifies to the scenario in works [14, 15] . 
Linear Minimal Mean Square Error (LMMSE) Estimation
where ( )
The weight matrix minimizing (48) 
2 ) (
( 1)
Complexity Analysis
The computational cost at each iteration of the proposed algorithm is given in Table 2 . For the sake of simplicity, the expressions in Table 2 approximate the number of floating-point operations per iteration in considering the dominant cost associated with SVD computation, which is used to calculate the matrix pseudo-inverses. According to [22, 26] , for a full column-rank matrix of dimensions M N × , the SVD computation cost is ( )
2
O MN . The overall complexity of the Comb-ALS based algorithm depends on the number of iterations. Generally, the required iterations for convergence of the proposed Comb-ALS is less than 12, which will be further analyzed in Section 4. In addition, the subsequent LMMSE approach imposes ( )
extra operations due to matrix inversions.
In comparison with the PARATUCK-based algorithm [21] , we can conclude from Table 2 that the complexity per iteration scales similarly to the proposed algorithm, but the proposed algorithm is a little higher than [21] . One comes from the estimation of the additional channel links 
Simulation Results
In this section, some simulation results are provided to demonstrate the performance of the proposed scheme. Each obtained result is an average over 5000 R = independent Monte Carlo simulations. For each run, the channels are generated from an i.i.d Rayleigh generator while the users symbols are generated from an i.i.d. distribution and are modulated using QPSK. And the proposed algorithm is performed following the procedure in Table 1 with ( 5) 10 1
In particular, we compare the proposed algorithm with algorithm in [21] and the typical LS estimator. As for the LS estimator, we adopt the sequential estimation method in [21] to estimate [14] . In addition, in order to make a fair comparison with the algorithm in [21] , we adopt the method in [21] to remove the ambiguities in the Step 1.6 of the proposed algorithm. From Fig. 2 to Fig. 6 , we consider a special communication scenario, where the source node, the two relay nodes and the destination node are in a line with equal distance, that is to say, 1 2 2 η η = = . The effect of the path loss parameter on the achievable diversity gain will be further discussed in Fig. 7 and Fig. 8 .
The estimator's performance is evaluated in terms of the normalized mean square error (NMSE) of the estimated channel matrices and the bit error rate (BER). For each channel realization, the NMSE of channel estimation for different algorithms is calculated as The NMSE performance of all the channel matrices of the proposed scheme is shown in Fig.  3 and Fig. 4 , where the solid line, the dash-dot line and the dot line represent the proposed Comb-ALS scheme, LMMSE scheme and LS scheme, respectively. In Fig. 3 , the system parameters are H , thus affecting the total NMSE performance. In Fig. 4 , we investigate the scenario in which the antenna number of the destination node is less than that of destination node, i.e. In this scenario, the sequential LS-based channel estimation algorithm exploited in [14, 15, 21] cannot be used as the channel estimation problem will be a rank-deficient problem when the antenna number at the destination node is less than that of relay nodes. From Fig. 4 , we can also see that the NMSE performance of all links decreases when SNR increases.
The impact of antenna number at the destination node on the system BER performance is shown in Fig. 5 . The other system parameters are fixed to − , the SNR gap between the LMMSE case and Comb-ALS case is more than 1dB.
In Fig. 6 , we investigate the number of relay antennas on the BER performance of the ZF detector using the proposed channel estimator. The other system parameters are set to BER performance is considerably improved as the number of antenna at relay nodes is increased, owing to the higher spatial diversity. As expected, we can also see that additional LMMSE process can further improve the BER performance. But with the number of antenna at relay nodes increasing, the gap between the proposed scheme and the scheme in [21] is narrowing.
In Fig. 7 and Fig. 8 , the impact of the distribution of relay nodes on the achievable gain of the proposed communication scheme is investigated in two special communication scenarios. In the best scenario 1 2 1 η η = = , which means both the first relay node and the second relay node lie in the middle of the SD link, thus has the smallest path loss effect. Obviously, with the quality of the two-hop link increasing, the achievable gain of the system is superior to the scenario when 1 
Conclusion
We have proposed a novel channel estimation algorithm for multi-hop relaying communication systems, where both the one-way two-hop communication link and one-way three-hop link exist. The proposed algorithm provides the destination node with full knowledge of all channel matrices involved in the communication, suffering from smaller channel estimation error. Compared to existing one-way three-hop approaches, the proposed scheme is able to make a more efficient use of cooperative diversity by jointly estimating the channel matrices of all links via PARAFAC and PARATUCK2 tensor model in an iterative way. Our simulation results verify the effectiveness of the proposed algorithms in terms of the convergence speed, NMSE and BER performance.
